The flag Whitney numbers (also referred to as the flag f -numbers) of a geometric lattice count the number of chains of the lattice with elements having specified ranks. We give a collection of inequalities which imply all the linear inequalities satisfied by the flag Whitney numbers of rank 3 geometric lattices. We further describe the smallest closed convex set containing the flag Whitney numbers of rank 3 geometric lattices as well as the smallest closed convex set containing the flag Whitney numbers of those lattices corresponding to oriented matroids.
Introduction
Recall, for a geometric lattice L of rank n, the Whitney numbers (of the second kind) are the numbers {α ∅ (L), α 1 (L), . . . , α n (L)} where α k (L) denotes the number of elements in L of rank k (α ∅ = 1). We define the flag Whitney numbers {α S }, S ⊆ [n − 1], to be the number of chains of L which stop at ranks in S; namely, for S = {s 1 , . . . , s l }, α S (L) = |{y 1 < y 2 < · · · < y l : r(y i ) = s i }|.
A second lattice invariant derived from the flag Whitney numbers is
The invariants α S and β S can be defined for any poset and are frequently referred to as the flag f -vector and h-vector of the poset. We will use the term flag Whitney numbers exclusively for geometric lattices, while the flag f -vector will be used for all other posets and line arrangements.
Determining which sequences of numbers arise as the flag f -vector of a poset is a difficult question. One step toward obtaining a characterization of these vectors is to determine the linear inequalities they must satisfy. Billera and Hetyei [2] answered this question for graded posets, finding there are Catalan many extreme rays in the closed cone generated by the flag f -vectors of all graded posets of a given rank. Although the corresponding minimal list of linear inequalities is not explicitly known, this list is necessarily finite. Stanley showed the flag f -vectors of graded Cohen-Macaulay posets satisfy 2 n linear inequalities. This result follows, for example, from [17, Theorem III: 4.4] and [3, Theorem 2] . A consequence of the g-theorem for simplicial convex polytopes (see [4] and [15] ) is that all linear inequalities on the flag f -vectors of posets that are face lattices of simplicial polytopes (and by duality simple polytopes) are implied by d 2 inequalities. Finally Kruskal [11] and Katona [10] showed that a finite number of inequalities are sufficient to describe all the linear inequalities satisfied by the flag f -vectors of face lattices of simplicial complexes. In this paper we will give the minimal list of linear inequalities satisfied by the flag Whitney numbers of geometric lattices of rank three. Of interest is that while in the previous cases a finite number of inequalities were sufficient to imply all possible linear inequalities satisfied by the flag f -vectors, we find an infinite family of linear inequalities are necessary to imply all linear inequalities in the rank 3 geometric lattice case.
The following is a complete set of inequalities for the flag Whitney numbers (α 1 , α 2 , α 12 ) of geometric lattices of rank 3. In the special case of line and pseudoline arrangements in the plane, (discussed in Section 4), the additional inequality α 12 ≤ 3α 2 − 3 completes the description. Theorem 1. The closed convex set generated by all flag Whitney numbers of rank 3 geometric lattices is determined by the minimal set of inequalities
and, for k ≥ 3, (k − 1)α 12 − kα 1 − (2k − 3)α 2 + k + 1 2 ≥ 0.
Extreme Lattices
An arrangement of points in the plane along with all the lines determined by these points gives rise to a rank 3 geometric lattice. The points correspond to atoms of the lattice, and the lines to rank 2 elements. A rank 2 element covers those that do the flag Whitney numbers α 1 , α 2 , and α 12 give the number of points, lines, and point-line incidences in the arrangement. A natural duality exists between points and lines in the projective plane (see, e.g. [7] ). Thus an arrangement of lines in the plane, every pair of which meets in a finite point, or at a point at infinity, also gives rise to a rank 3 geometric lattice. We will use examples from both line arrangements and point arrangements in our discussions. Define the α-vector of a rank 3 geometric lattice to be the vector of flag Whitney numbers (excluding α ∅ ) (α 1 , α 2 , α 12 ) ∈ ( 3 . We first note that a geometric lattice of rank 3 must have at least three atoms and at least three coatoms. Thus the "smallest" geometric lattice of rank three is the Boolean lattice B 3 on three points, which corresponds to the arrangement of three points in the plane, not all on a line. This is the only rank 3 geometric lattice having three atoms and so the α-vector (3, 3, 6) is the unique vector with α 1 = 3.
Consider the geometric lattices which correspond to n points in general position in the plane. These lattices are a truncation of the Boolean lattice B n at rank 3. Since the points are in general position each line contains exactly two points, and so we have n points, n 2 lines and 2 n 2 point-line incidences. We will find the α-vectors n, n 2 , 2 n 2 for n ≥ 3 are extreme points in the smallest closed convex set containing the α-vectors of all rank 3 geometric lattices.
Next, consider the geometric lattices corresponding to the near pencil arrangement on n points in the plane (Figure 1 ). This arrangement consists of (n − 1) two-point lines and one (n − 1)-point line. The corresponding α-vector is (n, n, 3(n − 1)) (2) which can be written as (3, 3, 6 ) + (n − 3) · (1, 1, 3). Thus each of these vectors lies on the ray in the direction of (1, 1, 3) from (3, 3, 6) . Although not representable by points and straight lines in the plane, P G(2, q), the finite projective plane on n = q 2 + q + 1 points, for q a prime power, gives rise to a rank 3 geometric lattice. P G(2, q) has q 2 + q + 1 lines each of which contains q + 1 points, so the α-vector of the associated geometric lattice is (q 2 + q + 1, q 2 + q + 1, (q + 1)(q 2 + q + 1)).
Dividing by the highest power of q appearing, we find these α-vectors approach the direction (0, 0, 1) from the point (3, 3, 6) as n (and consequently q) approaches ∞. Similarly we find that the α-vectors corresponding to n points in general position have a limiting direction ray of (0, 1, 2) from (3, 3, 6) as n → ∞.
A set of points and a set of direction rays determine a closed convex set consisting of the convex hull of the points plus the cone generated by the direction rays. It is straightforward to verify that the inequalities of Theorem 1 describe the closed convex set generated by the arrangements on the near pencils, the general position arrangements and the limits of the general position arrangements and finite projective planes. This closed convex set has extreme points n, n 2 , 2 n 2 , for n ≥ 3 and extreme rays (0, 0, 1), (0, 1, 2), and (1, 1, 3) . It is illustrated (not to scale) in Figure 3 in which α 1 , α 2 , and α 12 axes meet at the point (3, 3, 6) .
The examples in this section show the smallest closed convex set generated by the α-vectors of rank 3 geometric lattices must contain the set of Theorem 1. To prove Theorem 1 we need only verify the inequalities hold. 
Inequalities on the Flag Whitney Numbers
The following inequalities are well known:
The first inequality follows from the fact that every line contains at least two points. α 1 ≥ 3 is a consequence of three atoms being necessary to span a rank 3 geometric lattice, and α 1 ≤ α 2 follows from several classic results (see, e.g. [1] ).
To prove the remaining family of inequalities we utilize a combinatorial interpretation of the β S which involves shelling the balanced order complex of a geometric lattice. A description of the balanced order complex can be found in [17] and a discussion of this interpretation of β S can be found in [16, Prop 3.5] . In rank 3 the balanced order complex of a geometric lattice is equivalent to the lattice without {0,1} where the rank 1 elements (called points) are colored with color 1, and the rank 2 elements (lines) have color 2. A shelling of this resulting bipartite graph is an ordering of the edges {e 1 , . . . , e k } so that for any i, the partial graph consisting of {e 1 , . . . , e i } and all incident vertices is connected. As each edge is added to the ordering (shelled) it makes a contribution to β j where j ∈ {∅, 1, 2, 12} is the color of the minimal new face added (which is ∅ for the first edge added, and is the color 1 or 2 of the newest vertex added to the partial graph, or 12 if an edge is added between two vertices already present in the partial graph).
By the subgraph on atoms {1, . . . , k} we will mean the subgraph consisting of the atoms 1, . . . , k, the lines {i ∨ j : i, j ∈ {1, . . . , k}} and all edges between these points and lines. By adding an atom k + 1 to the subgraph on {1, . . . , k} we will mean extending the shelling from the subgraph on {1, . . . , k} to the subgraph on {1, . . . , k + 1}. We will shell the bipartite graph as follows.
For L a rank r geometric lattice with n atoms, label the atoms 1, . . . , n such that the atoms {1, 2, 3} form a basis for the underlying matroid of L, (so 1 ∨ 2 ∨ 3 =1), and such that if atom 1 is covered by m lines, 2 ≤ m ≤ n − 1, these lines are given by {1 ∨ i : i ∈ {2, . . . , m + 1}}. For each line l assign a basis consisting of the two smallest labeled atoms whose join is l. We first shell the subgraph on the atoms {1, 2, 3} as illustrated in Figure 4 . Shelling the subgraph on {1, 2, 3} has a net contribution to (β 1 , β 2 , β 12 ) of (2, 2, 1). We continue shelling the graph in stages; at each stage we will add the next atom to the subgraph. The atoms 4, . . . , m+1 span lines with atom 1. Suppose we have shelled the subgraph on atoms {1, . . . , i−1}, where i ∈ {4, . . . , m+1}. Let j i be the number of lines spanned by the atoms i and h, with 1 < h < i, henceforth called new i-lines, and let l i be the number of lines containing i, spanned by atoms f, g, with 1 < f < g < i (old i-lines).
Shelling the edge from 1 to 1 ∨ i contributes one to β 2 and shelling the edge from 1 ∨ i to i contributes one to β 1 . Now for each new i-line i ∨ h we have a contribution to β 2 (from the edge i to i ∨ h) and a contribution to β 12 (from the edge h to i ∨ h). Each old i-line f ∨ g contributes one to β 12 when the edge from i to f ∨ g is added. Note any such line f ∨ g along with edges between f ∨g and f and g are already in the shelled subgraph on {1, . . . , i−1}.
Thus the net contribution to (β 1 , β 2 , β 12 ) of adding i ∈ {4, . . . , m + 1} to the subgraph is (1, 1 + j i , j i + l i ).
We continue in a similar manner with atoms {m + 2, . . . , n} as follows. Suppose we have shelled the subgraph on atoms {1, . . . , z − 1} with z ∈ {m + 2, . . . n}. Each such z lies on a line 1 ∨ x for x ∈ {2, . . . , m + 1}. Adding the edge from 1 ∨ x to z makes a contribution to β 1 . For each (new) z-line with basis {z, y}, 1 < y < z, adding the edges from z to z ∨ y and from y to z ∨ y makes a contribution to β 2 and β 12 . Finally adding edges between z and any (old) lines covering z, spanned by atoms f , g; 1 < f < g < z, makes a contribution to β 12 (see Figure 5 ).
Figure 5: Adding z ∈ {m + 2, . . . , n} to the subgraph on {1, . . . , z − 1}.
Say z makes j z new lines and lies on l z old lines. Then the contribution to (β 1 , β 2 , β 12 ) of adding z ∈ {m + 2, . . . , n} to the subgraph is (1, j z , j z + l z ). Since m ≥ 2 and the line 1∨x covering z contains exactly one of {2, . . . , m+1}, either j z or l z must be at least 1.
Proposition 2. For L a geometric lattice of rank 3, and k ∈ G + , the flag Whitney numbers α 1 (L), α 2 (L), α 12 (L) satisfy:
Each inequality in this family (for k ≥ 3) determines a hyperplane containing the direction (1, 1, 3) and two consecutive general position points k,
Proof. First notice that when k = 1, (4) is implied by α 1 ≤ α 2 . So we may assume k ≥ 2. To take advantage of the properties of β S , we will change (4) into an inequality in β S . Thus the inequality we wish to prove becomes:
Shell the bipartite graph of L as indicated in shelling method (*). The total contribution to (β 1 , β 2 , β 12 ) from shelling the subgraph on {1, 2, 3} is (2, 2, 1), and so the contribution to the left of (5) is (−k + 1).
Adding each atom z ∈ {m + 2, . . . , n} to the subgraph contributes
to the left of (5), where j z is the number of new z-lines, and l z is the number of old z-lines. The above expression is non-negative since either j z or l z ≥ 1 and we are assuming k ≥ 2.
We have left to account for the contribution to the left of (5) from adding the atoms 4, . . . , m + 1 to the subgraph. Each atoms i ∈ {4, . . . , m + 1} contributes
to the left of (5). This contribution is non-negative unless l i = 0 and j i < (k − 1). Let T ⊆ {4, . . . , m + 1} be the subset of atoms having l i = 0. All other atoms in {4, . . . , m + 1} make a non-negative contribution to the left of (5) . So the total contribution of the atoms 4, . . . , m + 1 to the left of (5) is greater than or equal to the contribution from the atoms in T . Suppose |T | = t. Each atom of T lies on no lines spanned by previous atoms. Furthermore each y ∈ T must make a new line with each atom 2, . . . , y −1 since any line covering y containing two of {2, . . . , y − 1} would have been shelled prior to shelling atom y (and hence would be an old y-line). Thus j y = y − 2. And so y∈T j y ≥ (2 + 3 + · · · + (t + 1)) with the minimum occurring if T = {4, 5, . . . , 4 + t − 1}. Hence the total contribution of adding (to the subgraph) the atoms 4, . . . , m + 1 to the left of (5) is at least A pseudoline (see [5] ) is a simple closed curve in the projective plane whose complement is connected. A pseudoline arrangement will mean a collection of pseudolines satisfying the following two properties. Each pair of pseudolines intersects in a unique point and they cross each other at this point, and the intersection of all of the pseudolines is empty. An arrangement of pseudolines decomposes the projective plane into a two dimensional cell complex of vertices, edges, and 2-cells.
The rank 3 version of Folkman and Lawrence's Topological Representation Theorem [6] establishes a 1-1 correspondence between arrangements of pseudolines and simple rank 3 oriented matroids. Thus it is of interest to study the geometric lattices associated to pseudoline arrangements. Given a pseudoline arrangement we can form a geometric lattice whose atoms correspond to the pseudolines. Every pair of pseudolines meets in a unique point and this point corresponds to the unique rank 2 element of the lattice covering those atoms.
Recall the flag f -vector of a d-dimensional arrangement A is given by
. Call an arrangement of pseudolines simplicial if all the 2-cells generated by the arrangement are triangles; specifically if f 02 = 3f 2 . An example of a simplicial arrangement is the near pencil arrangement of n lines and n points in the plane. The flag Whitney numbers of a geometric lattice give much information regarding how an arrangement of n pseudolines breaks up the plane into regions. Specifically the following transformation will be useful [18] :
Lemma 5. The flag Whitney numbers of rank 3 geometric lattices associated to pseudoline arrangements satisfy
Proof. Consider the vertices, edges and 2-cells formed by the pseudoline arrangement. Each 2-cell has at least 3 sides and so f 02 ≥ 3f 2 with equality holding in the case the arrangement is simplicial. Now f 02 = f 01 = 2f 1 since a point on k edges is in k 2-faces, and each edge of the arrangement has 2 endpoints. Thus 2f 1 ≥ 3f 2 . By the transformation of (7) we have 3α 2 ≥ α 12 + 3 as desired.
Inequality 8 implies for a geometric lattice associated to a pseudoline arrangement
Thus the average number of lines on a point is less than 3. This excludes, for example, the finite projective planes on q 2 + q + 1 points with q a prime power from being pseudoline arrangements since each point lies on (q + 1) lines. Hence
Remark 6. The pseudoline arrangements whose α-vectors (α 1 , α 2 , α 12 ) lie on the hyperplane H through (3, 3, 6) and containing the directions (1, 1, 3) and (0, 1, 3) are simplicial. This can be seen since H is exactly the hyperplane α 12 = 3α 2 − 3 which we noted is satisfied by arrangements of pseudolines exactly when the arrangement is simplicial.
Example 7. The following infinite families of arrangements are simplicial and lie on the hyperplane H. More details of these and other simplicial arrangements can be found in [7] :
The arrangement R(10).
• The near pencil arrangements on n lines (equivalently on n points) all lie on the ray (3, 3, 6) + k(1, 1, 3); k ≥ 0.
• The arrangements formed by taking the k lines determined by the edges of a regular k-gon along with its k axes of symmetry are referred to as R(2k) for k ≥ 3. R(10) is illustrated in Figure 7 . The α-vectors for these arrangements (see [8] ) are 2k,
which approach the ray (0, 1, 3) as k → ∞.
• The arrangements R(4k + 1) for k ≥ 2 consist of the 4k lines of R(4k) (see the above arrangement) plus the line at ∞. The α-vectors of these arrangements (see [8] ) are 4k + 1, 2k
which also approach (0, 1, 3) as k → ∞.
We again note that in an arrangement of pseudolines we are taking the lines as atoms and the intersection points as rank 2 elements of the geometric lattice. The simplicial nature of an arrangement on n points is not necessarily obvious from the picture.
Proposition 8. The closed convex set generated by all α-vectors of rank 3 orientable geometric lattices (pseudoline arrangements) is determined by the set of inequalities of Theorem 1 together with the inequality
(1, 1, 3)
Figure 8: The additional inequality bounding the α S of geometric lattices corresponding to oriented matroids.
This convex set is depicted in Figure 8 .
Proof. By Lemma 5 we know the α-vectors of all pseudoline arrangements lie in the subspace α 12 ≤ 3α 2 − 3. To show α 12 ≤ 3α 2 − 3 gives the tightest possible inequality we consider the arrangements in Example 7 and observe these pseudoline arrangements, which lie on the hyperplane α 12 = 3α 2 −3 (H), approach the rays (0, 1, 3) and
Remark 9. Although all rank 3 geometric lattices whose α-vectors violate the inequality α 12 ≤ 3α 2 − 3 correspond to non-orientable matroids, satisfying (8) is not a sufficient condition for orientability. For example the MacLane matroid M L 8 ( Figure 9 ), obtained from the affine plane AG(3, 3) by removing one point p, has α 1 = 8, α 2 = 12 and α 12 = 32 and so satisfies α 12 ≤ 3α 2 − 3, but M L 8 is not orientable [12] .
Connections to a Result of Martinov
In [ 
Translating Martinov's inequalities into inequalities on the flag Whitney numbers (via (7)) gives the following collection of lower and upper bounds on the quantity (α 12 − α 2 + 1).
where 1 ≤ k ≤ n − 2 (we omit k = 0 since this gives f 2 = n which corresponds to the the arrangement of n lines with a common point. This arrangement does not give a rank 3 lattice). These inequalities complement those which determine the closed convex set containing the α-vectors of rank 3 orientable geometric lattices. Figure 10 illustrates Martinov's inequalities for n = 6 along with a cross section (at α 1 = 6) of the closed convex set of Proposition 8. The polyhedral region given by the inequalities of (8) and Theorem 1 for α 1 = 6 is shaded while Martinov's constraints on α 12 − α 2 + 1 consist of the bold lines and the striped region between the upper two bold lines. The α-vectors corresponding to arrangements on 6 pseudolines are indicated with dots. From Martinov's work we see that for n = 6 there exists an orientable geometric lattice such that α 12 − α 2 = x for any 11 ≤ x ≤ 15 or x = 9. From this work we have additional constraints on α 12 and α 2 , namely that the pairs (α 2 , α 12 ) must also lie in the shaded region of Figure Remark 10. It should be noted that satisfying Martinov's inequalities on (α 12 − α 2 + 1) does not guarantee that a corresponding geometric lattice exists. For example the vector (6, 12, 26) satisfies Martinov's inequalities for k = 3 and lies in the convex set of Proposition 8, however there does not exist a pseudoline arrangement with 6 lines and 12 points [7] .
Remark 11. The set of flag Whitney numbers of rank 3 orientable geometric lattices also fails to be convex since the vectors (6, 6, 15) and (6, 8, 19) arise from line arrangements, while the vector (6, 7, 17) fails Martinov's inequalities and thus can have no corresponding arrangement.
Higher Ranks
As we move from rank 3 to higher ranks finding the convex hull containing the α-vectors of geometric lattices is more complicated. However some results from rank 3 hold for higher rank lattices. For example the extreme ray obtained as the limit of the finite projective planes generalizes to higher dimensions. Let P G(r − 1, q) denote the (r − 1)-dimensional projective space over q . The α-vector of the corresponding lattice can be calculated using formulas describing the subspaces of P G(r − 1, q) (see [9] ). For example α 1,2,...,r−1 = (q r −1)(q r−1 −1)···(q 2 −1)(q−1) (q−1) r−1
. One may see that the limit, as q → ∞, of the α-vectors of such lattices gives the extreme ray (0, 0, . . . , 0, 1).
In addition we observe that lattices corresponding to n points in general position (exactly d points on each (d − 1)-dimensional subspace) in (r − 1)-space maximize α k for k ∈ {1, . . . , r − 1}, given α 1 = n, with α k = n k . Finally a result requiring more work implies that lattices corresponding to generalized near pencil arrangements on n points ((n − r + 2) points on a line and (r − 2) points in general position) minimize α S for S ⊆ [r − 1] given α 1 = n [14] . This fact will be explored in future work.
